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We study properties of a class of spin singlet Mott states for arbitrary spin S bosons on a lattice,
with particle number per cite n = S/l+1, where l is a positive integer. We show that such a singlet
Mott state can be mapped to a bosonic Laughlin wave function on the sphere with a finite number
of particles at filling ν = 1/2l. Spin, particle and hole excitations in the Mott state are discussed,
among which the hole excitation can be mapped to the quasi-hole of the bosonic Laughlin wave
function. We show that this singlet Mott state can be realized in a cold atom system on optical
lattice, and can be identified using Bragg spectroscopy and Stern-Gerlach techniques. This class of
singlet Mott states may be generalized to map to bosonic Laughlin states with filling ν = q/2l.
While the spin 1/2 electron systems have been exten-
sively studied in the past decades, much of the physics
of large spin particle systems is still unexplored today,
because of the lack of such quantum systems in nature.
With the development of ultracold atoms on optical lat-
tice, the realization of such systems becomes accessible.
Recently1–3, the Bose-Einstein condensates (BEC) of Er
atoms with spin 6 and Dy atoms with spin 8 are realized
at temperatures as low as 10 ∼ 102 nK. The spins of
both atoms originate from the spin and orbital angular
momenta of the outermost shell electrons, with vanish-
ing nuclear spins. Theoretically, the condensates of large
spin bosons have been shown to have various novel phases
which support non-Abelian superfluid vortices4–12. In
principle, when a background optical lattice is intro-
duced, many more interesting quantum states such as
the AKLT state13 may arise in the Mott regime. So far,
most studies on large spin Mott states have been focused
on spin 1 and 2 bosons14–20 or spin 3/2 fermions21,22.
The Mott physics of the larger spin particles is basically
unknown and remains to be studied. In this letter, we
study the spin singlet Mott states of bosons of arbitrary
spin, and give a simple physical picture. In the large spin
limit, these states simulate the bosonic Laughlin wave
function23,24. Whereas fermionic Laughlin wave function
is realized by electrons in the fractional quantum Hall
state, the bosonic Laughlin wave function has not been
realized in nature before our work.
The main idea is the exact mapping between the parti-
cle spin and the particle coordinates on a sphere25. Based
on this idea, we show that for spin S bosons in an optical
lattice, there are a class of singlet Mott states which can
be exactly mapped to the bosonic Laughlin wave func-
tion. Particularly, large spin bosons Er or Dy may be
used as a suitable system to ‘realize’ a bosonic Laughlin
state with a finite number of particles, which is compa-
rable to the particle number used in current numerical
calculations26. This letter is organized as follows. First,
we construct the spin Bose-Hubbard model for spin S
bosons in an optical lattice, and demonstrate that under
certain constraints of the Hubbard interactions it has a
spin singlet Mott insulator ground state. We show such a
Mott state can be exactly mapped to the ν = 1/2l filling
bosonic Laughlin wave function on the sphere, where l
is a positive integer. The experimental realization of the
singlet Mott state is then discussed. We study the prop-
erties of excitations of this state and give the criteria for
identifying the singlet Mott state in the cold atom exper-
iments. Finally, we briefly discuss the generalization to
singlet Mott states corresponding to the higher ν = q/2l
filling bosonic fractional quantum Hall states.
Without loss of generality, the spin S bosons on an
optical lattice can be well described by the spin Bose-
Hubbard model Hamiltonian H = HI +Ht, with
HI = −µ
∑
i
nˆi +
1
2
∑
i
[
Unˆi(nˆi − 1) +
2S∑
J>0
UJ PˆSJ (i)
]
,
Ht = −
∑
〈ij〉,m
(
tψ†i,mψj,m + h.c.
)
,
(1)
where t is the nearest neighbour hopping amplitude, µ
is the chemical potential, while U and UJ are the on-
site Hubbard interaction parameters. i, j are the lat-
tice site indices, and m is the spin z component in-
dex. nˆi =
∑
m ψ
†
i,mψi,m is the particle number on site
i. The projection operator PˆSJ (i) are non-negative oper-
ators defined by PˆSJ (i) =
∑
mA†Jm(i)AJm(i) in terms ofAJm(i) =
∑
m′〈Jm|Sm′, Sm −m′〉ψi,m′ψi,m−m′ , where
〈Jm|Sm′, Sm−m′〉 is the Clebsch-Gordan coefficient. It
projects the two-particle on-site interaction into the to-
tal spin J channel, and satisfies the identity
∑
J PˆSJ (i) =
nˆi(nˆi−1). For bosons, J is restricted to even integers by
symmetry requirements. To avoid the collapse instability
of bosons, we require U > 0 and U + UJ > 0 for any J .
In the Mott regime where |t| ≪ U & UJ , we can treat
the hopping term Ht as the perturbation, and to the
lowest order set H = HI . Under this approximation, all
the lattice sites are decoupled, and the ground state |Ψ〉
is simply the direct product of the lowest on-site states
|ϕ〉i:
|Ψ〉 =
∏
i
|ϕ〉i . (2)
Since HI has the U(1) charge symmetry and SU(2) spin
rotation symmetry, the on-site state |ϕ〉i is the eigenstate
2of the on-site particle number nˆi and the on-site total
spin Sˆ2i = (ψ
†
i,aSabψi,b)
2, where Sab is the representation
matrix of spin S. Namely, if there are n particles on site
i, their spins will combine into a definite total spin.
To clearly see the composition of different particle spins
on the same site, we use the Schwinger boson represen-
tation for the spin of each particle. The spin of the α-th
particle (α runs from 1 to n) on lattice site i is denoted
by siα, and is defined as:
s+iα = a
†
iαbiα, s
z
iα =
1
2
(a†iαaiα − b†iαbiα),
s−iα = aiαb
†
iα, s
tot
iα =
1
2
(a†iαaiα + b
†
iαbiα),
(3)
where s±iα = s
x
iα± isyiα are the raising and lowering oper-
ators in the spin algebra. aiα and biα are the commonly
defined bosonic annihilation operators. For the particle
to have spin S, the physical state |ϕ〉i is required to sat-
isfy stotiα |ϕ〉i = S|ϕ〉i.
We now investigate the simple case when the spin-
dependent Hubbard interaction
UJ ≥ 0 for J > 2S − 2l ,
UJ = 0 for J ≤ 2S − 2l , (4)
where integer l is a factor of S. In this case, any two
particles on the same site prefer to have their composite
spin J no higher than 2S−2l, so that the spin-dependent
Hubbard interaction energy can be minimized to zero. If
the chemical potential µ lies in the interval U(S/l) < µ <
U(S/l + 1), the following spin singlet state becomes the
on-site ground state:
|ϕ〉i =
n∏
1=α<β
(
a†iαb
†
iβ − b†iαa†iβ
)2l
|0〉i , (5)
where n = S/l + 1 is the particle number of site i,
while |0〉i is the vacuum for the Schwinger bosons aiα
and biα. The even power 2l outside each bracket en-
sures the bosonic nature of the state. This expression is
a homogeneous polynomial of aiα and biα of degree 2S,
so |ϕ〉i indeed describes spin S of each particle. Since
any two particle spins siα and siβ in state |ϕ〉i are cou-
pled by 2l singlet Schwinger pairs, their composite spin
Ji(α, β) = siα + siβ cannot exceed 2S − 2l, and they
will have zero projection on PˆSJ (i) for J > 2S − 2l.
Therefore, the single-site energy of this state is mini-
mized to Eg(i) = −µn + Un(n − 1)/2. On the other
hand, since all the Schwinger bosons are paired into sin-
glets, the entire state is naturally a spin singlet state,
namely Sˆ2i |ϕ〉i = (
∑
α siα)
2|ϕ〉i = 0. This Mott state
thus does not break any symmetry.
We note that in analogy to the argument of Arovas,
Auerbach and Haldane25, the on-site state |ϕ〉i can be
exactly mapped to a bosonic Laughlin wave function on
the sphere. To see this, we can rewrite the state |ϕ〉i
under the spin coherent state basis. This is most easily
done by taking a†iα → uiα, b†iα → viα, aiα → ∂/∂uiα,
biα → ∂/∂viα, where uiα = cos(θiα/2)eiφiα/2, viα =
sin(θiα/2)e
−iφiα/2 labels the spin coherent state of the
α-th particle pointing along the unit sphere coordinates
(θiα, φiα)
25. The resulting wave function is
ϕi =
∏
α
(u†iα, v
†
iα)|ϕ〉i =
n∏
1=α<β
(uiαviβ − viαuiβ)2l . (6)
This total symmetric function is derived by Haldane as
the ν = 1/2l filling n-body Laughlin wave function on the
sphere24, which in the thermodynamic limit describes a
bosonic fractional quantum hall state with a fractional
Hall conductance σxy = νe
2/h. The effective “magnetic
flux” through the whole sphere is Φ = 2S, and the filling
condition n− 1 = νΦ is automatically satisfied.
The bosonic quantum hall states have been studied
theoretically for strongly correlated bosonic systems27,28,
but are still challenging for experimental studies. It will
be interesting if these states can be experimentally re-
alized in large spin atomic systems, though in the sense
of mapping equivalence. For Dy atoms which have spin
S = 8 and for the filling fraction ν = 1/2, the num-
ber of particles per cite is n = 9. Though far from the
thermodynamic limit, this number of particles is compa-
rable to that adopted in the recent exact diagnolization
calculations26.
In cold atom systems, the Hubbard interaction param-
eters can be tuned through resonance methods. To the
lowest order, they are given by U = 4π~2a0/M , and
UJ = 4π~
2(aJ − a0)/M , where aJ is the two-particle s-
wave scattering length in the total spin J channel, andM
is the atomic mass. In the strongly interacting regime,
the shape of the optical lattice potential can also alter
the parameters U and UJ significantly. By using the
Feshbach resonance and shape resonance methods com-
monly used in cold atom experiments, it is promising to
reach the regime where U2S is positive and near reso-
nance, and is therefore far greater than all the other UJ .
According to Eq. (4), this is the condition for realizing
the l = 1 spin singlet Mott state, which corresponds to
the mapping onto the ν = 1/2 filling bosonic Laughlin
wave function. Provided the anisotropy introduced by
the resonance methods is small enough, the spin singlet
Mott state will stay robust.
We now turn to the excitation properties of the state.
Since the Mott state does not break any symmetry, there
is no Goldstone mode and all the excitations in the sys-
tem are gapped. To discuss the energy-momentum dis-
persion of the excitations, we take into account the per-
turbative hopping term Ht introduced in Eq. (1).
The first type of excitation is the particle or hole ex-
citation. A static particle or hole excitation localized
on the lattice site i is represented by a state |i,±,Ψ〉 =
|ϕ±〉i⊗
∏
j 6=i |ϕ〉j , where + and − correspond to particle
and hole, respectively. The on-site states |ϕ±〉i are ob-
tained by acting (ψ†i · ξ) and (ξ† ·ψi) on state |ϕ〉i, where
ξ stands for a spinor of 2S+1 components. Both excita-
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FIG. 1: Illustration of the criteria for experimentally identi-
fying the spin singlet Mott state. (a) An illustrative energy
spectrum of the excitations. The vertical and horizontal axes
are the energy in unit of U and the x direction momentum
kx respectively. In the Mott regime, the band widths of the
spin excitations are much smaller than that of the particle
and hole excitations. (b) Stern-Gerlach measurement of the
singlet Mott state. For illustration purposes, the spin is set
to S = 2. The populations on all z-direction spin components
are equal to each other due to the spin rotational invariance.
tions carry spin S. Particularly, under the spin-coherent
state basis, the wave function of the hole state |ϕ−〉i can
be written in a general form
ϕ−i =
2l∏
σ=1
[
n−1∏
γ=1
(vξ,σuiγ − uξ,σviγ)
]
×
n−1∏
1=α<β
(uiαviβ − viαuiβ)2l ,
(7)
where (uξ,σ, vξ,σ) are fixed 2-component spinors. We note
that this wave function resembles the quasi-hole exci-
tation wave functions on the ν = 1/2l filling bosonic
Laughlin state23. The 2l quasi-holes are separately dis-
tributed on the sphere, whose coordinates are in accor-
dance with the directions of the 2l spinors (uξ,σ, vξ,σ).
The energy gap of the hole excitation can be determined
to be ∆− = µ−U(n− 1) ∼ U , while that of the particle
excitation ∆+ ∼ U +
∑
J UJ .
The hopping term Ht can induce the motion of the
particle and hole excitations, and can also lead to a
fusion of them into other excitations. In the spirit
of the single-mode approximation (SMA), we can use
|k,±,Ψ〉 = (1/√N)∑i eik·Ri |i,±,Ψ〉 as a variational
wave function, and use ǫ±(k) = 〈k,±,Ψ|H−Eg|k,±,Ψ〉
to determine the dispersion of the particle and the hole,
where Eg =
∑
i Eg(i) is the ground state energy. For
square lattice for instance, they are given by
ǫ±(k) = ∆± − (2n+ 1± 1)t
2S + 1
(cos kx + cos ky) . (8)
We note the k-dependence of the hole derived here agrees
with that derived for the single hole motion in the AKLT
state29, where n = 1 and S = 0 or 1.
Another type of excitation is the spin excitaion, which
carries a spin but keeps the particle number in the state
invariant. The local state for a pure spin excitation
can be represented as |i, JS,Ψ〉 = |ϕJS 〉i ⊗
∏
j 6=i |ϕ〉j ,
where |ϕJS 〉i is an n-particle state on the i-th lattice
site satisfying Sˆ2i |ϕJS 〉i = JS(JS + 1)|ϕJS 〉i. The sim-
plest spin excitation state can be written by acting the
particle-hole pair operator
∑
m1
(−1)m1〈JSm|Sm1, Sm−
m1〉ψ†i,−m1ψi,m−m1 on the state |ϕ〉i. The gap of a spin
excitation can be estimated to be ∆JS ∼
∑
J UJ . Thus
for the case the spin-independent Hubbard parameter U
is large, these spin excitations are the low energy excita-
tions.
We can again use the SMA to estimate the dispersion
of spin excitations, assuming the variational wave func-
tion |k, JS ,Ψ〉 = (1/
√
N)
∑
i e
ik·Ri |i, JS,Ψ〉 for a moving
spin. Since Ht changes the on-site particle numbers and
is not closed for spin excitations, the leading contribu-
tion to the energy-momentum dispersion comes from the
2nd order perturbation, ǫJS(k) = 〈k, JS ,Ψ|(HI − Eg) −
Ht(HI −Eg)−1Ht|k, JS ,Ψ〉. This gives us a spin disper-
sion
ǫJS(k) ∼ ∆JS −
n2t2
(2JS + 1)2U
(cos kx + cos ky) . (9)
A spin excitation is thus much less mobile than a particle
or hole excitation.
We have shown in Fig. 1(a) an illustrative energy
spectrum of excitations, in which one can easily iden-
tify the particle and hole excitations by comparing the
band widths. Due to the effect of hopping, a spin exci-
tation can split into a particle and a hole, and in accor-
dance a particle and a hole can also combine into a pure
spin. Via higher order processes, they can in principle
form many more complex excitations with higher ener-
gies, about which we will not discuss here. In general,
the fusion and combination processes of the excitations
will give them a finite life time.
We can give the criteria for experimentally identify-
ing such a spin singlet Mott state in an optical lattice
cold atom system. In cold atom experiments, the energy-
momentum dispersions of excitations in the system can
be measured with the Bragg spectroscopy30. One can
4also measure the populations of the atoms on each z-
direction spin component by the Stern-Gerlach technique
combined with the light absorption method. These two
measurements are sufficient to test the criteria.
First, for the spin singlet Mott state, the energy spec-
trum of excitations measured should be all gapped, as is
shown in the illustrative example in Fig. 1(a). This is
different from that of the symmetry breaking states with
a spin order or a U(1) phase order, which will have gap-
less Goldstone mode excitations (magnons and phonons).
Further, we can also distinguish between the spin singlet
Mott state here and a gapped AKLT state, by looking
at the energy gap of the excitations. In the spin sin-
glet Mott state |Ψ〉, all the excitation gaps are of order
∆(±,JS) ∼ U , and depends little on the hopping ampli-
tude t. In the AKLT state, the excitation gap is pro-
portional to the superexchange spin-spin interaction13,
∆AKLT ∼ t2/U . Through a variation of the parame-
ter U or t, one can easily distinguish between these two
states by examining the change of the excitation gap.
Second, the SU(2) spin rotational invariance of the spin
singlet Mott state can be verified by a Stern-Gerlach mea-
surement. This technique has been widely used in cold
atom experiments. It is easy to show that due to the
spin rotational invariance, the population per volume of
particles on each z-direction spin component is given by
ρm = 〈Ψ|
∑
i ψ
†
i,mψi,m|Ψ〉/V = ρ/(2S + 1) independent
ofm, where ρ = 〈Ψ|∑i nˆi|Ψ〉/V is the total density. The
result does not change if the Stern-Gerlach measurement
is carried out along another direction. This is illustrated
in Fig. 1(b). For any spin ordered Mott states or spinor
Bose-Einstein condensate states, the SU(2) symmetry is
broken, and the populations on different components will
depend on choice of the direction of measurement. These
two steps form the criteria for identifying our proposed
spin singlet Mott state in the cold atom experiment.
We now briefly discuss the generalized spin singlet
Mott states simulating a ν = q/2l filling bosonic frac-
tional quantum Hall state in the large S limit, where q
is a positive integer. Such a state |Ψ(q)〉 may be writ-
ten down as |Ψ(q)〉 =∏i |ϕ(q)〉i, where the on-site state
|ϕ(q)〉i consists of q multiples of the n-particle spin sin-
glet defined in Eq. (5), where n = S/l + 1. So this state
is naturally a spin singlet state. The particle number per
site of this state is qn. Under the spin-coherent state
basis, the wave function of |ϕ(q)〉i takes the form
ϕ(q)i =
∑
P
q−1∏
r=0
n(r+1)∏
nr+1=α<β
(uiPαviPβ − viPαuiPβ)2l ,
(10)
where P runs over all the permutations of the particle
indices. This wave function is a generalization of the ν =
1/2l filling Laughlin wave function on the sphere. With a
suitable choice of the Hubbard parameters U and UJ and
the chemical potential µ, such a generalized spin singlet
Mott state may be preferred as a ground state. The
excitation gaps of the state |Ψ(q)〉 are still of order U , but
the band energy widths of the particle (hole) excitation
and the spin excitation will be broadened by a factor q
and q2 respectively.
In summary, we studied the conditions for realizing the
spin singlet Mott states for arbitrary spin bosons in the
lattice, which may be met through the resonance meth-
ods in a cold atom system. Such singlet Mott states can
be mapped to the ν = 1/2l filling bosonic Laughlin wave
functions. Various excitations like the particle, hole and
spin excitations arise, which all have finite gaps. The
hole excitation resembles the quasi-holes in the bosonic
Laughlin state. We proposed the criteria for identify-
ing the spin singlet Mott state in the cold atom exper-
iment, which make use of the Bragg spectroscopy and
the Stern-Gerlach techniques. Lastly, we made a short
discussion on the generalized singlet Mott states, which
can be mapped to the ν = q/2l filling Laughlin wave
functions.
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